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SIMULTANEOUS NORMALIZATION OF PERIOD MAP AND AFFINE
STRUCTURES ON MODULI SPACES
KEFENG LIU AND YANG SHEN
ABSTRACT. We prove that the image of the lifted period map on the universal
cover lies in a complex Euclidean space. We also prove that the Teichmu¨ller
spaces of a class of polarized manifolds have complex affine structures.
0. INTRODUCTION
Let Φ : S → Γ\D be a period map which arises from geometry. This means
that we have an algebraic family f : X → S of polarized algebraic manifolds
over a quasi-projective manifold S, such that for any q ∈ S, the point Φ(q),
modulo the action of the monodromy group Γ, represents the Hodge structure
of the n-th primitive cohomology of the fiber f−1(q).
Since period map is locally liftable, we can lift the period map to Φ˜ : S˜ → D
by taking the universal cover S˜ of S such that the diagram
(1) S˜
Φ˜
//
π

D
π

S
Φ
// Γ\D
is commutative. Griffiths raised the following conjecture as Conjecture 10.1 in
[9],
Conjecture 1. (Griffiths Conjecture) Given f : X→ S, there exists a simultaneous
normalization of all the periods Φ(Xs) (s ∈ S). More precisely, the image Φ˜(S˜) lies
in a bounded domain in a complex Euclidean space.
In this paper, we will prove that the image Φ˜(S˜) lies in a complex Euclidean
space N+ to be defined below. We will also prove that for a large class of polar-
ized manifolds, their Teichmu¨ller spaces have complex affine structures. These
results are crucial for us to prove the Torelli type theorems in our next paper
[18]. The boundedness of Φ˜(S˜) in the complex Euclidean space, which may
depend on the choice of the adapted basis of the Hodge decomposition at the
base point, will be studied in our forthcoming paper. One can refer to [19] for a
special case of this phenomenon.
First recall that the period domain D can be realized as quotient of real Lie
groups D = GR/V , and its compact dual Dˇ as quotient of complex Lie groups
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Dˇ = GC/B, where V = B∩GR. The Hodge structure at a fixed point o in D ⊆ Dˇ
induces a Hodge structure of weight zero on the Lie algebra g of GC as
g =
⊕
k∈Z
gk,−k with gk,−k = {X ∈ g| XHr,n−r ⊆ Hr+k,n−r−k, ∀ r}.
See Section 1 for the detail of the above notations. Then the Lie algebra of B is
b =
⊕
k≥0 g
k,−k and the holomorphic tangent space T1,0o D of D at the base point
o is naturally isomorphic to
g/b ≃ ⊕k≥1g−k,k , n+.
We denote the corresponding unipotent group by
N+ = exp(n+)
which is identified to N+(o), its unipotent orbit of the base point o, and is con-
sidered as a complex Euclidean space inside Dˇ. We define
S˜∨ = Φ˜−1(N+ ∩D)
and prove that S˜ \ S˜∨ is an analytic subvariety of S˜ with codimC(S˜ \ S˜∨) ≥ 1.
Then we prove the first main result of our paper, Theorem 2, by proving that
the finiteness of the Hodge distance implies the finiteness of the Eculidean dis-
tance.
Theorem 2. The image of the lifted period map Φ˜ : S˜ → D lies in N+ ∩D.
The key point of our proof is Lemma 2.1, which is an interpretation of the Grif-
fiths transversality in terms of the block upper triangular matrix representations
of the elements in N+ ∩ D. Lemma 2.1 has many interesting applications. As
the first application of the above result and our method, we will prove that there
exist affine structures on the Teichmu¨ller spaces of a large class of projective
manifolds.
More precisely, we consider the moduli space of certain polarized manifolds
with level m structure, and let Zm be one of the irreducible components of the
moduli space. Then the Teichmu¨ller space T is defined as the universal cover of
Zm. Let m0 be a positive integer. As a technical assumption we will require that
Zm is smooth and carries an analytic family
fm : Um → Zm
of polarized manifolds with level m structure for all m ≥ m0. It is easy to show
that T is independent of the levels as given in Lemma 3.2. Furthermore we
introduce the notion of strong local Torelli in Definition 4.2. Our second main
result is as follows.
Theorem 3. Assume that Zm is smooth with an analytic family for allm ≥ m0, and
strong local Torelli holds on the Teichmu¨ller space T . Then there exists a complex
affine structure on T .
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See [17] and [18] for applications of the affine structure on the Teichmu¨ller
space, as well as the Torelli space, which is the moduli spaces of marked and
polarized manifolds.
The idea of our proof of Theorem 3 goes as follows. Let a ⊆ n+ be the abelian
subalgebra of n+ defined by the tangent map of the period map,
a = dΦ˜p(T
1,0
p T )
where p is a base point in T with Φ˜(p) = o, and let
A = exp(a) ⊆ N+.
Then A can be considered as a complex Euclidean subspace of N+. Let
P : N+ → A
be the projection map, which is induced by the natural projection map of the
complex Euclidean subspaces n+ → a. Then the projection map P induces the
holomorphic map
Ψ : T → A
with Ψ = P ◦ Φ˜. We will prove that under the assumption of Theorem 3, the
holomorphic map
Ψ : T → A
is an immersion into A which induces the affine structure on T .
This paper is organized as follows. We review the basics of the period domain
from Lie group point of view and introduce the open subset S˜∨ of S˜ in Section
1. In Section 2, we first prove the basic lemma, Lemma 2.1, under which we
can understand Griffiths transversality in terms of the blocks of the matrices in
N+ ∩ D. Then the Hodge metric can be computed using certain blocks of the
matrices in N+ ∩D. Finally we prove Theorem 2.
In Section 3, we apply our results to the moduli space Zm with level m struc-
ture and the Teichmu¨ller space T . Assuming Zm is smooth for m ≥ m0 for some
positive integer m0 and strong local Torelli holds for T , we prove in Section 4
that there exists an affine structure on the Teichmu¨ller space T , which is induced
by the holomorphic immersion Ψ : T → A.
Acknowledgement. We are very grateful to Professor Azniv Kasparian for her
interest and useful comments.
1. PERIOD DOMAINS AND LIE GROUPS
In this section we review the definitions and basic properties of period do-
mains and period maps from Lie theory point of views.
Let HZ be a fixed lattice and H = HZ ⊗Z C its complexification. Let n be a
positive integer, and Q a bilinear form on HZ which is symmetric if n is even
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and skew-symmetric if n is odd. Let hi,n−i, 0 ≤ i ≤ n, be integers such that∑n
i=0 h
i,n−i = dimCH. The period domain D for the polarized Hodge structures
of type
{HZ, Q, hi,n−i}
is the set of all the collections of the subspaces H i,n−i, 0 ≤ i ≤ n, of H such that
H =
⊕
0≤i≤n
H i,n−i, H i,n−i = Hn−i,i, dimCH
i,n−i = hi,n−i for 0 ≤ i ≤ n,
and on which Q satisfies the Hodge-Riemann bilinear relations,
Q
(
H i,n−i, Hj,n−j
)
= 0 unless i+ j = n;(2) (√−1)2k−nQ (v, v) > 0 for v ∈ Hk,n−k \ {0}.(3)
Alternatively, in terms of Hodge filtrations, the period domain D is the set of
all the collections of the filtrations
H = F 0 ⊇ F 1 ⊇ · · · ⊇ F n,
such that
dimC F
i = f i,(4)
H = F i ⊕ F n−i+1, for 0 ≤ i ≤ n,
where f i = hn,0 + · · · + hi,n−i, and on which Q satisfies the Hodge-Riemann
bilinear relations in the form of Hodge filtrations
Q
(
F i, F n−i+1
)
= 0;(5)
Q (Cv, v) > 0 if v 6= 0,(6)
where C is the Weil operator given by
Cv =
(√−1)2k−n v
for v ∈ F k ∩ F n−k.
Let (X,L) be a polarized manifold with dimCX = n, which means that X
is a projective manifold and L is an ample line bundle on X. For simplicity
we use the same notation L to denote the first Chern class of L which acts on
the cohomology groups by wedge product. Then the n-th primitive cohomology
groups Hnpr(X,C) of X is defined by
Hnpr(X,C) = ker{L : Hn(X,C)→ Hn+2(X,C)}.
Let Φ : S → Γ\D be the period map from geometry. More precisely we have
an algebraic family
f : X→ S
- 4 -
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of polarized algebraic manifolds over a quasi-projective manifold S, such that for
any q ∈ S, the pointΦ(q), modulo certain action of the monodromy group Γ, rep-
resents the Hodge structure of the n-th primitive cohomology group Hnpr(Xq,C)
of the fiber Xq = f
−1(q). Here H ≃ Hnpr(Xq,C) for any q ∈ S.
Recall that the monodromy group Γ, or global monodromy group, is the image
of the representation of π1(S) in Aut(HZ, Q), the group of automorphisms of HZ
preserving Q.
By taking a finite index torsion-free subgroup of Γ, we can assume that Γ is
torsion-free, therefore Γ\D is smooth. This way we can just proceed on a finite
cover of S without loss of generality. We refer the reader to the proof of Lemma
IV-A, pages 705 – 706 in [25] for such standard construction.
Since period map is locally liftable, we can lift the period map to Φ˜ : S˜ → D
by taking the universal cover S˜ of S such that the diagram
(7) S˜
Φ˜
//
π

D
π

S
Φ
// Γ\D
is commutative.
Let q ∈ S˜ be any point. We denote the Hodge filtration by
Hnpr(Xq,C) = F
0
q ⊇ F 1q ⊇ · · · ⊇ F nq
with F iq = F
iHnpr(Xq,C) = H
n,0
pr (Xq)⊕ · · · ⊕H i,n−ipr (Xq) for 0 ≤ i ≤ n.
In this paper, all the vectors are taken as column vectors, since we will consider
the left actions on the period domains. To simplify notations, we also write row
of vectors and use the transpose sign T to denote the corresponding column.
Let us introduce the notion of adapted basis for the given Hodge decomposi-
tion or Hodge filtration. We call a basis
ξ =
{
ξ0, · · · , ξfn−1, ξfn, · · · , ξfn−1−1, · · · , ξfk+1, · · · , ξfk−1, · · · , ξf1, · · · , ξf0−1
}T
of Hnpr(Xq,C) an adapted basis for the given Hodge decomposition if it satisfies
Hk,n−kpr (Xq) = SpanC
{
ξfk+1 , · · · , ξfk−1
}
, 0 ≤ k ≤ n.
We call a basis
ζ =
{
ζ0, · · · , ζfn−1, ζfn, · · · , ζfn−1−1, · · · , ζfk+1, · · · , ζfk−1, · · · , ζf1 , · · · , ζf0−1
}T
of Hnpr(Xq,C) an adapted basis for the given filtration if it satisfies
F kq = SpanC{ζ0, · · · , ζfk−1}, 0 ≤ k ≤ n.
For convenience, we set fn+1 = 0 and m = f 0.
- 5 -
6 Kefeng Liu and Yang Shen
Remark 1.1. The adapted basis at the base point p can be chosen with respect
to the given Hodge decomposition or the given Hodge filtration. While, in order
that the period map is holomorphic, the adapted basis at any other point q can
only be chosen with respect to the given Hodge filtration.
Definition 1.2. (1) Let
ξ =
{
ξ0, · · · , ξfn−1, · · · , ξfk+1, · · · , ξfk−1, · · · , ξf1, · · · , ξf0−1
}T
be the adapted basis with respect to the Hodge decomposition or the Hodge filtration
at any point. The blocks of ξ are defined by
ξ(α) = {ξf−α+n+1, · · · , ξf−α+n−1}T ,
for 0 ≤ α ≤ n. Then
ξ = {ξT(0), · · · , ξT(n)}T =
 ξ(0)...
ξ(n)
 .
(2) The blocks of an m × m matrix Ψ = (Ψij)0≤i,j≤m−1 are set as follows. For
each 0 ≤ α, β ≤ n, the (α, β)-th block Ψ(α,β) is defined by
Ψ(α,β) = (Ψij)f−α+n+1≤i≤f−α+n−1, f−β+n+1≤j≤f−β+n−1 .(8)
In particular, Ψ = (Ψ(α,β))0≤α,β≤n is called a block upper (lower resp.) triangular
matrix if Ψ(α,β) = 0 whenever α > β (α < β resp.).
Let HF = H
n
pr(X,F), where F can be chosen as Z, R, C. Then H = HC under
this notation. We define the complex Lie group
GC = {g ∈ GL(HC)| Q(gu, gv) = Q(u, v) for all u, v ∈ HC},
and the real one
GR = {g ∈ GL(HR)| Q(gu, gv) = Q(u, v) for all u, v ∈ HR}.
We also have
GZ = Aut(HZ, Q) = {g ∈ GL(HZ)| Q(gu, gv) = Q(u, v) for all u, v ∈ HZ}.
There is a left action ofGC on Dˇ such that the period domainD can be realized
as the GR-orbit. Griffiths in [6] showed that GC acts on Dˇ transitively, so does
GR on D. The stabilizer of GC on Dˇ at the base point o is
B = {g ∈ GC|gF kp = F kp , 0 ≤ k ≤ n},
and the one of GR on D is V = B ∩GR. Thus we can realize Dˇ, D as
Dˇ = GC/B, and D = GR/V
so that Dˇ is an algebraic manifold and D ⊆ Dˇ is an open complex submanifold.
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The Lie algebra g of the complex Lie group GC is
g = {X ∈ End(HC)| Q(Xu, v) +Q(u,Xv) = 0, for all u, v ∈ HC},
and the real subalgebra
g0 = {X ∈ g| XHR ⊆ HR}
is the Lie algebra of GR. Note that g is a simple complex Lie algebra and contains
g0 as a real form, i.e. g = g0 ⊕
√−1g0.
On the linear space Hom(HC, HC) we can give a Hodge structure of weight
zero by
g =
⊕
k∈Z
gk,−k with gk,−k = {X ∈ g| XHr,n−rp ⊆ Hr+k,n−r−kp , ∀r}.
By the definition of B, the Lie algebra b of B has the form b =
⊕
k≥0 g
k,−k.
Then the Lie algebra v0 of V is
v0 = g0 ∩ b = g0 ∩ b ∩ b = g0 ∩ g0,0.
With the above isomorphisms, the holomorphic tangent space of Dˇ at the base
point is naturally isomorphic to g/b.
Let us consider the nilpotent Lie subalgebra n+ := ⊕k≥1g−k,k. Then one gets
the isomorphism g/b ∼= n+. We denote the corresponding unipotent Lie group
to be
N+ = exp(n+).
As Ad(g)(gk,−k) is in
⊕
i≥k g
i,−i for each g ∈ B, the subspace b⊕ g−1,1/b ⊆ g/b
defines an Ad(B)-invariant subspace. By left translation via GC, b ⊕ g−1,1/b
gives rise to a GC-invariant holomorphic subbundle of the holomorphic tangent
bundle. It will be denoted by T1,0h Dˇ, and will be referred to as the horizontal
tangent subbundle. One can check that this construction does not depend on
the choice of the base point.
The horizontal tangent subbundle, restricted to D, determines a subbundle
T1,0h D of the holomorphic tangent bundle T
1,0D of D. The GC-invariance of
T1,0h Dˇ implies the GR-invariance of T
1,0
h D. Note that the horizontal tangent sub-
bundle T1,0h D can also be constructed as the associated bundle of the princi-
ple bundle V → GR → D with the adjoint representation of V on the space
b⊕ g−1,1/b.
Remark 1.3. The GC-invariance of T
1,0
h Dˇ is of great importance to our proof of
our main theorems, which will be explained in Section 2. We also note that the
subspace
pb : =
b⊕ ⊕
k>0, k odd
g−k,k
/b ⊆ g/b
- 7 -
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shares many similar properties to the subspace b⊕ g−1,1/b such as the curvature
property. But pb is not Ad(B)-invariant, and hence can not be defined globally
on Dˇ.
We also remark that both
⊕
k>0, k odd g
−k,k and g−1,1 are Ad(V )-invariant. Hence
they can be both globally defined on D.
Let Fk, 0 ≤ k ≤ n be the Hodge bundles on D with fibers Fks = F ks for any
s ∈ D. As another interpretation of the horizontal bundle in terms of the Hodge
bundles Fk → Dˇ, 0 ≤ k ≤ n, one has
T1,0h Dˇ ≃ T1,0Dˇ ∩
n⊕
k=1
Hom(Fk/Fk+1,Fk−1/Fk).(9)
Remark 1.4. We remark that the elements in N+ can be realized as nonsingular
block upper triangular matrices with identity blocks in the diagonal; the ele-
ments in B can be realized as nonsingular block lower triangular matrices. If
c, c′ ∈ N+ such that cB = c′B in Dˇ, then
c′−1c ∈ N+ ∩ B = {I},
i.e. c = c′. This means that the matrix representation in N+ of the unipotent
orbitN+(o) is unique. Therefore with the fixed base point o ∈ Dˇ, we can identify
N+ with its unipotent orbit N+(o) in Dˇ by identifying an element c ∈ N+ with
[c] = cB in Dˇ. Therefore our notation N+ ⊆ Dˇ is meaningful. In particular,
when the base point o is in D, we have N+ ∩D ⊆ D.
Now we define
S˜∨ = Φ˜−1(N+ ∩D).
We first prove that S˜\S˜∨ is an analytic subvariety of S˜ with codimC(S˜\S˜∨) ≥ 1.
Lemma 1.5. Let p ∈ S˜ be the base point with Φ˜(p) = {F np ⊆ F n−1p ⊆ · · · ⊆ F 0p }.
Let q ∈ S˜ be any point with Φ˜(q) = {F nq ⊆ F n−1q ⊆ · · · ⊆ F 0q }, then Φ˜(q) ∈ N+ if
and only if F kq is isomorphic to F
k
p for all 0 ≤ k ≤ n.
Proof. We fix η = {ηT(0), · · · , ηT(n)}T as the adapted basis for the Hodge filtration
{F np ⊆ F n−1p ⊆ · · · ⊆ F 0p } at the base point p. For any q ∈ S˜, we choose
an arbitrary adapted basis ζ = {ζT(0), · · · , ζT(n)}T for the given Hodge filtration
{F nq ⊆ F n−1q ⊆ · · · ⊆ F 0q }. Let
A(q) = (A(α,β)(q))0≤α,β≤n
be the transition matrix between the base ζ and η for the same vector space HC,
where A(α,β)(q) are the corresponding blocks. Then
ζ = A(q) · η.
- 8 -
Simultaneous normalization of the periods of algebraic manifolds and · · · 9
Therefore
Φ˜(q) ∈ N+ = N+B/B ⊆ Dˇ
if and only if its matrix representation A(q) can be decomposed as L(q)U(q),
where L(q) ∈ N+ is a nonsingular block upper triangular matrix with identities
in the diagonal blocks, and U(q) ∈ B is a nonsingular block lower triangular
matrix.
By basic linear algebra, we know that (A(α,β)(q)) has such decomposition if
and only if
det(A(α,β)(q))0≤α,β≤k 6= 0
for any 0 ≤ k ≤ n. In particular, we know that (A(α,β)(q))0≤α,β≤k is the transition
map between the bases of F kp and F
k
q . Therefore, det((A
(α,β)(q))0≤α,β≤k) 6= 0 if
and only if F kq is isomorphic to F
k
p . 
Proposition 1.6. The subset S˜∨ is an open complex submanifold in S˜, and S˜\S˜∨
is an analytic subvariety of S˜ with codimC(S˜\S˜∨) ≥ 1.
Proof. From Lemma 1.5, one can see that Dˇ \N+ ⊆ Dˇ is defined as an analytic
subvariety by the equations
{q ∈ Dˇ : det((A(α,β)(q))0≤α,β≤k) = 0 for some 0 ≤ k ≤ n}.
Therefore N+ is dense in Dˇ, and that Dˇ \N+ is an analytic subvariety, which is
closed in Dˇ and with codimC(Dˇ\N+) ≥ 1.
We consider the period map Φ˜ : S˜ → Dˇ as a holomorphic map to Dˇ, then
S˜ \ S˜∨ = Φ˜−1(Dˇ \N+)
is the preimage of Dˇ \N+ of the holomorphic map Φ˜. Therefore S˜ \ S˜∨ is also an
analytic subvariety and a closed set in S˜. Because S˜ is smooth and connected, S˜
is irreducible. If dimC(S˜ \ S˜∨) = dimC S˜, then S˜ \ S˜∨ = S˜ and S˜∨ = ∅, but this
contradicts to the fact that the reference point p is in S˜∨. Thus we conclude that
dimC(S˜ \ S˜∨) < dimC S˜,
and consequently codimC(S˜\S˜∨) ≥ 1. 
2. PROOF OF THEOREM 2
This section, consisting of three subsections, is devoted to the proof of our first
main result, Theorem 2. In Section 2.1, we present the Griffiths transversality in
terms of the blocks of the matrices in N+ ∩ D. In Section 2.2, by using certain
blocks of the matrices in N+ ∩ D, we compute the Hodge metric on the period
domain in the horizontal direction. Finally, in Section 2.3, we prove Theorem 2
by using the computations of the Hodge metrics in Section 2.2.
- 9 -
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2.1. Basic lemmas. Let Φ : S → Γ\D be the period map, and Φ˜ : S˜ → D be
the lifted period map. In Definition 1.2, we have introduced the blocks of the
adapted basis η of the Hodge decomposition at the base point p as
η = {ηT(0), ηT(1), · · · , ηT(n)}T ,
where
η(α) = {ηf−α+n+1 , · · · , ηf−α+n−1}T
is the basis of Hn−α,αpr (Xp) for 0 ≤ α ≤ n.
For any q ∈ S˜∨, we can choose the matrix representation of the image Φ˜(q) in
N+ by
Φ˜(q) = (Φij(q))0≤i,j≤m−1 ∈ N+ ∩D.
Then, by Definition 1.2, the matrix Φ˜(q) is a block upper triangular matrix of the
form,
Φ˜(q) =

I Φ(0,1)(q) Φ(0,2)(q) · · · Φ(0,n−1)(q) Φ(0,n)(q)
0 I Φ(1,2)(q) · · · Φ(1,n−1)(q) Φ(1,n)(q)
0 0 I · · · Φ(2,n−1)(q) Φ(2,n)(q)
...
...
...
. . .
...
...
0 0 0 · · · I Φ(n−1,n)(q)
0 0 0 · · · 0 I

,(10)
where, in the above notations, 0 denotes zero block matrix and I denotes identity
block matrix. By using the matrix representation, we have the adapted basis
Ω(q) = {Ω(0)(q)T ,Ω(1)(q)T , · · · ,Ω(n)(q)T}T ,
of the Hodge filtration at q ∈ S˜∨ as
Ω(α)(q) =
n∑
β=0
Φ(α,β)(q) · η(β)
= η(α) +
∑
β≥α+1
Φ(α,β)(q) · η(β).(11)
where Ω(α)(q), together with Ω(0)(q), · · · ,Ω(α−1)(q), gives a basis of the Hodge
filtration
F n−αq = F
n−αHnpr(Xq,C).
Note that, in equation (11), the term Φ(α,β)(q) · η(β) is an element in Hn−β,βpr (Xp).
Let q ∈ S˜∨ be any point. Let {U ; z = (z1, · · · , zN)} be any small holomorphic
coordinate neighborhood around q with
zµ(q) = 0, 1 ≤ µ ≤ N,
such that Φ˜(U) ⊂ N+ ∩D and
U = {z ∈ CN : |zµ| < ǫ, 1 ≤ µ ≤ N}.
- 10 -
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For 0 ≤ α, β ≤ n, we define the matrix valued functions as
Φ(α,β)(z) = Φ(α,β)(q′), for q′ ∈ U and z(q′) = z.
In the following, the derivatives of the blocks,
∂Φ(α,β)
∂zµ
(z), for 0 ≤ α, β ≤ n, 1 ≤ µ ≤ N,
will denote the blocks of derivatives of its entries,
∂Φ(α,β)
∂zµ
(z) =
(
∂Φij
∂zµ
(z)
)
f−α+n+1≤i≤f−α+n−1, f−β+n+1≤j≤f−β+n−1
.
Lemma 2.1. Let the notations be as above. Then we have that
∂Φ(α,β)
∂zµ
(z) =
∂Φ(α,α+1)
∂zµ
(z) · Φ(α+1,β)(z),(12)
for any 0 ≤ α < β ≤ n and 1 ≤ µ ≤ N .
Proof. The main idea of the proof is to rewrite the Griffiths transversality in terms
of the matrix representations of the image of the period map in N+∩D. The rest
only uses basic linear algebra.
Let us consider the the adapted basis
Ω(q) = {Ω(0)(q)T ,Ω(1)(q)T , · · · ,Ω(n)(q)T}T ,
at q ∈ S˜∨ as given in (11). We denote
F n−αz = F
n−α
q = F
n−αHnpr(Xq,C)
for z(q) = z ∈ U .
By Griffiths transversality, especially the computations in Page 813 of [7], we
have that
∂Ω(α)
∂zµ
(z)
lies in F n−α−1z . By the constructions of the basis in (11), we know that F
n−α−1
z
has basis
{Ω(0)(z)T ,Ω(1)(z)T , · · · ,Ω(α+1)(z)T }T ,
- 11 -
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which gives local holomorphic sections of the Hodge bundle Fn−α−1. Therefore
there exist matrices A(0)(z), A(1)(z), · · · , A(α+1)(z) such that
∂Ω(α)
∂zµ
(z) = A(0)(z) · Ω(0)(z) + · · ·+ A(α+1)(z) · Ω(α+1)(z)
≡ A(0)(z) · Ω(0)(z) + · · ·+ A(α)(z) · Ω(α)(z) mod
⊕
γ≥1
Hn−α−γ,α+γpr (Xp)(13)
≡ A(0)(z) · η(0) +
(
A(0)(z)Φ
(0,1)(z) + A(1)(z)
) · η(1) + · · ·(14)
+
(
A(0)(z)Φ
(0,α)(z) + · · ·+ A(α−1)(z)Φ(α−1,α)(z) + A(α)(z)
) · η(α)
mod
⊕
γ≥1
Hn−α−γ,α+γpr (Xp),
where equations (13) and (14) are deduced by comparing the types in (11) and
the blocks in (10).
Again, by looking at (11), we have that
∂Ω(α)
∂zµ
(z) =
∑
β≥α+1
∂Φ(α,β)
∂zµ
(z) · η(β)
=
∂Φ(α,α+1)
∂zµ
(z) · η(α+1) +
∑
β≥α+2
∂Φ(α,β)
∂zµ
(z) · η(β)
≡ 0 mod
⊕
γ≥1
Hn−α−γ,α+γpr (Xp).(15)
By comparing equations (14) and (15), we see that
A(0)(z) = 0
A(0)(z)Φ
(0,1)(z) + A(1)(z) = 0
. . . . . .
A(0)(z)Φ
(0,α)(z) + · · ·+ A(α−1)(z)Φ(α−1,α)(z) + A(α)(z) = 0,
which implies inductively that A(0)(z) = 0, · · · , A(α)(z) = 0. Therefore
∂Ω(α)
∂zµ
(z) = A(α+1)(z)Ω(α+1)(z)
= A(α+1)(z) ·
(
η(α+1) +
∑
β≥α+2
Φ(α+1,β)(z) · η(β)
)
·
= A(α+1)(z) · η(α+1) +
∑
β≥α+2
A(α+1)(z)Φ
(α+1,β)(z) · η(β).
By comparing types again, we have that
A(α+1)(z) =
∂Φ(α,α+1)
∂zµ
(z)
- 12 -
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and
∂Φ(α,β)
∂zµ
(z) = A(α+1)(z) · Φ(α+1,β)(z)(16)
=
∂Φ(α,α+1)
∂zµ
(z) · Φ(α+1,β)(z),
for β ≥ α + 2. Since Φ(α+1,α+1)(z) is identity matrix, (16) is satisfied trivially for
β = α+ 1. Therefore, we have proved equation (12). 
Remark 2.2. By the proof of Lemma 2.1, we have that
(dΦ˜)q
(
∂
∂zµ
)
=
⊕
0≤α≤n−1
∂Φ(α,α+1)
∂zµ
(0)
as elements in ⊕
0≤α≤n−1
Hom(F n−αq /F
n−α+1
q , F
n−α−1
q /F
n−α
q )
which maps Ω(α)(q) to
A(α+1)(0) · Ω(α+1)(q) = ∂Φ
(α,α+1)
∂zµ
(0) · Ω(α+1)(q).
Note that, by construction in (11), each Ω(α)(q) can be considered as a basis of
F n−αq /F
n−α+1
q .
2.2. Hodge metric on the period domain. Let D be the period domain. Since
D can be realized as the quotient GR/V of real Lie groups, the Killing form on
the Lie algebra
g = g0 ⊗R C
induces a metric on the subspace n+ of the quotient space
(g0/v0)⊗R C ≃ (⊕k>0g−k,k)⊕ (⊕k<0g−k,k) , n+ ⊕ n−.
This gives a GR-invariant metric on the period domain D via GR-translation,
which is called the Hodge metric on the period domain D.
On the other hand, the bilinear form Q on the complex vector space H also
induces a non-degenerate bilinear form on the the Lie algebra g. Since g is
simple, this non-degenerate bilinear form is equal to the Killing form on g up to
a constant. Hence the Hodge metric on D can also be induced by the bilinear
form Q.
For later convenience, we give the explicit formula for the Hodge metric in the
direction of the horizontal tangent space
Th
Φ˜(q)
D =
⊕
1≤k≤n
Hom(F kq /F
k+1
q , F
k−1
q /F
k
q )
for any point q ∈ S˜.
- 13 -
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Let Q˜ be the Hermitian form on H, which is defined by
Q˜(u, v) = Q(C · u, v),
where C is the Weil operator. The following lemma is well-known which follows
from linear algebra.
Lemma 2.3. (1). The restriction of the Hermitian form Q˜ to each component
Hk,n−kpr (Xq) is well-defined for 0 ≤ k ≤ n. Furthermore, the Hodge decomposition
H =
⊕
0≤k≤n
Hk,n−kpr (Xq)
is an orthogonal decomposition with respect to the Hermitian form Q˜.
(2). Let ζ(q) = {ζ(0)(q)T , · · · , ζ(n)(q)T}T be the adapted basis for the Hodge
filtration at the point Φ˜(q). Let v ∈ Th
Φ˜(q)
D be the matrix v = ⊕0≤α≤n−1Vα in⊕
0≤α≤n−1
Hom(F n−αq /F
n−α+1
q , F
n−α−1
q /F
n−α
q )
such that Vα maps ζ(α)(q) to Vα · ζ(α+1)(q). Then the Hodge metric ‖v‖Hod of v ∈
Th
Φ˜(q)
D is
‖v‖Hod =
∑
0≤α≤n−1
‖Vα‖Mat
√
Q˜(ζ(α+1)(q), ζ(α+1)(q))√
Q˜(ζ(α)(q), ζ(α)(q))
.
Here, ‖V ‖Mat denotes the norm of the matrix V = (Vij) which is defined by
‖V ‖Mat =
√∑
ij
|Vij|2.
By applying Lemma 2.1, we have the following proposition.
Proposition 2.4. Let Φ˜ : S˜∨ → N+ ∩D be the restricted period map. Let ζ(q) =
{ζ(0)(q)T , · · · , ζ(n)(q)T}T be any adapted basis for the Hodge filtration at the point
Φ˜(q) for q ∈ S˜∨. Then the Hodge metric on (dΦ˜)q
(
∂
∂zµ
)
is given by
∥∥∥∥(dΦ˜)q ( ∂∂zµ
)∥∥∥∥
Hod
=
∑
0≤α≤n−1
‖∂Φ(α,α+1)
∂zµ
(0)‖Mat
√
Q˜(ζ(α+1)(q), ζ(α+1)(q))√
Q˜(ζ(α)(q), ζ(α)(q))
,
where (U ; z) is a local coordinate around q ∈ S˜∨ such that z(q) = 0.
Proof. Let ζ(q) = {ζ(0)(q)T , · · · , ζ(n)(q)T}T be any adapted basis for the Hodge
filtration at the point Φ˜(q) for q ∈ S˜∨. By Lemma 2.3, we only need to prove that
(dΦ˜)q
(
∂
∂zµ
)
=
⊕
0≤α≤n−1
∂Φ(α,α+1)
∂zµ
(0)
- 14 -
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as elements in ⊕
0≤α≤n−1
Hom(F n−αq /F
n−α+1
q , F
n−α−1
q /F
n−α
q ),
which maps ζ(α) to
∂Φ(α,α+1)
∂zµ
(0) · ζ(α+1).
For q ∈ S˜∨, by the proof of Lemma 1.5, we have that
ζ(q) = L(q)U(q) · η , L(q) · η(q),
where L(q) ∈ N+ and U(q) ∈ B. Recall that η is the adapted basis for the Hodge
decomposition at the point o ∈ D. Then η(q) = U(q) · η is an adapted basis for
the Hodge filtration at the base point o ∈ D, which together with L(q) ∈ N+
gives the adapted basis ζ(q) for the Hodge filtration at q.
Under the local coordinate (U ; z) around q ∈ S˜∨ with z(q) = 0, we have that
η(z) = U(z) · η and
ζ(α)(z) =
n∑
β=0
Φ(α,β)(z) · η(β)(z)
= η(α)(z) +
∑
β≥α+1
Φ(α,β)(z) · η(β)(z).
Here η(0) = η(q). Hence
∂ζ(α)
∂zµ
(0) =
n∑
β=0
Φ(α,β)(0) · ∂η(β)
∂zµ
(0) +
∑
β≥α+1
∂Φ(α,β)
∂zµ
(0) · η(β)(0).
Note that
∂η(β)
∂zµ
(0) ∈ F n−βo ,
and by the definition of the blocks Φ(α,β), β ≥ α, of the elements in N+, we have
that
n∑
β=0
Φ(α,β)(0) · ∂η(β)
∂zµ
(0)
lies in F n−αq , which implies that
∂ζ(α)
∂zµ
(0) ≡
∑
β≥α+1
∂Φ(α,β)
∂zµ
(0) · η(β)(0) mod (F n−αq ).
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By Lemma 2.1, we also have that
∑
β≥α+1
∂Φ(α,β)
∂zµ
(0) · η(β)(0) = ∂Φ
(α,α+1)
∂zµ
(0) · η(α+1)(0) +
∑
β≥α+2
∂Φ(α,β)
∂zµ
(0) · η(β)(0)
=
∂Φ(α,α+1)
∂zµ
(0)
(
η(α+1)(0) +
∑
β≥α+2
Φ(α+1,β)(0) · η(β)(0)
)
=
∂Φ(α,α+1)
∂zµ
(0) · ζ(α+1)(0).
Therefore we have proved that
∂ζ(α)
∂zµ
(0) ≡ ∂Φ
(α,α+1)
∂zµ
(0) · ζ(α+1)(0) mod (F n−αq ),
which finishes the proof of the lemma. 
2.3. Hodge distance finiteness implies Eculidean distance finiteness. Let Φ˜ :
S˜ → D be the period map with base point p ∈ S˜. For any points s1, s2 ∈ D, let
dHod(s1, s2)
be the distance defined by the Hodge metric on D.
Recall that, from [11] we know that the Riemannian sectional curvature of
the period domain D is nonpositive in the horizontal direction, while the Eu-
clidean metric on N+ has zero curvature. Therefore the next proposition, which
implies that the Hodge length of a geodesic in the horizontal direction should be
larger than the Euclidean length, is an analogue of the comparison theorem in
Riemannian geometry as given in Corollary 1.35 in page 25 of [4].
We remark that our proof of the following proposition only uses Hodge theory,
which can be considered as a substantial application of the Griffiths transversal-
ity in terms of the blocks of the matrices in in N+ ∩D.
Proposition 2.5. Let Φ˜ : S˜∨ → N+ ∩ D be the restricted period map. Let γ :
[0, T ] → S˜ be a smooth curve such that γ(0) = p and γ([0, T )) ⊂ S˜∨. Then
γ(T ) ∈ S˜∨, which is equivalent to that Φ(γ(T )) ∈ N+ ∩D.
Proof. By the definition of S˜∨, we have that Φ˜(γ(t)) ∈ N+ ∩D for any t ∈ [0, T ).
We denote
Φ˜(γ(t)) = (Φ(α,β)(t))0≤α,β≤n ∈ N+, t ∈ [0, T )
- 16 -
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In the following blocks of Φ˜(γ(t)) as t→ T ,
Φ˜(γ(t)) =

I Φ(0,1)(t) Φ(0,2)(t) · · · Φ(0,n−1)(t) Φ(0,n)(t)
0 I Φ(1,2)(t) · · · Φ(1,n−1)(t) Φ(1,n)(t)
0 0 I · · · Φ(2,n−1)(t) Φ(2,n)(t)
...
...
...
. . .
...
...
0 0 0 · · · I Φ(n−1,n)(t)
0 0 0 · · · 0 I

,
we need to show that
(17) ‖Φ(α,β)(T )‖Mat <∞ for 0 ≤ α, β ≤ n.
We first prove (17) for β = α+1 and 0 ≤ α ≤ n−1 in Lemma 2.6. Then we finish
the proof by induction based on the results in Lemma 2.1 and Lemma 2.6. 
Lemma 2.6. ‖Φ(α,α+1)(T )‖Mat <∞ for 0 ≤ α ≤ n− 1.
Proof. For any t ∈ [0, T ], let ζ(t) be the adapted basis for the Hodge filtration
at the point Φ˜(γ(t)). Then the Hodge metric Q˜(ζ(α)(t), ζ(α)(t)) is positive for
t ∈ [0, T ] and 0 ≤ α ≤ n. By the compactness of [0, T ], there exists m,M > 0
such that
m ≤
√
Q˜(ζ(α)(t), ζ(α)(t) ≤M
for any t ∈ [0, T ] and 0 ≤ α ≤ n.
Then, by applying Proposition 2.4, we have that
dHod(Φ˜(p), Φ˜(γ(T ))) =
∫ T
0
∥∥∥∥d(Φ˜ ◦ γ)( ddt
)∥∥∥∥
Hod
dt
=
∫ T
0
∑
0≤α≤n−1
‖Φ˙(α,α+1)(t)‖Mat
√
Q˜(ζ(α+1)(t), ζ(α+1)(t))√
Q˜(ζ(α)(t), ζ(α)(t))
dt
≥
∑
0≤α≤n−1
∫ T
0
m
M
‖Φ˙(α,α+1)(t)‖Matdt.
Therefore
‖Φ(α,α+1)(T )‖Mat =
∥∥∥∥∫ T
0
Φ˙(α,α+1)(t)dt
∥∥∥∥
Mat
≤
∫ T
0
‖Φ˙(α,α+1)(t)‖Matdt(18)
≤ CdHod(Φ˜(p), Φ˜(γ(T ))) <∞,
for some constant C depending only on m,M .
Therefore we have proved that ‖Φ(α,α+1)(T )‖Mat <∞ for 0 ≤ α ≤ n− 1. 
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Continued proof of Proposition 2.5. We prove (17) by induction. Choose a
constant C > 0 such that
(19) ‖Φ(n−1,n)(T ))‖Mat ≤ C.
We assume that
(∗α) ‖Φ(α,β)(T )‖Mat < C for fixed α and any β > α.
Then inequality (19) implies that inequality (∗α) holds for α = n− 1.
Let us prove inequality (∗α) for α from inequality (∗α+1) for α+ 1. By Lemma
2.1, we have that
Φ˙(α,β)(t) = Φ˙(α,α+1)(t) · Φ(α+1,β)(t), β > α.
Then by inequalities (18) and (∗α), we have that
‖Φ(α,β)(T )‖Mat ≤
∫ T
0
‖Φ˙(α,β)(t)‖Matdt
≤
∫ T
0
‖Φ˙(α,α+1)(t) · Φ(α+1,β)(t)‖Matdt
≤ C
∫ T
0
‖Φ˙(α,α+1)(t)‖Matdt
≤ CdHod(Φ˜(p), Φ˜(γ(T ))) ≤ C ′.
Now we have proved (17), which implies that
Φ˜(γ(T )) = lim
t→T
Φ˜(γ(t)) ∈ N+ ∩D.
This is equivalent to say that γ(T ) ∈ S˜∨. 
Remark 2.7. Let γ : [0, 1] → N+ ∩ D be a smooth curve. We call γ a horizontal
curve, provided that the tangent vector γ˙(t), t ∈ [0, 1], lies in the underlying real
tangent bundle corresponding to the horizontal subbundle T1,0h D. The proof of
Proposition 2.5 actually shows that for any horizontal curve γ in N+ ∩ D, the
length of γ with respect to the Euclidean metric on N+ is smaller than the length
of γ with respect to the Hodge metric on D.
Now we give an example to illustrate the simple idea behind the proof of
Proposition 2.5.
Example 2.8. Let us consider the case of weight 2. Then the element of Φ˜(γ(t)) ∈
N+ ∩D as t→ T is as follows
Φ˜(γ(t)) =
 I Φ(0,1)(t) Φ(0,2)(t)0 I Φ(1,2)(t)
0 0 I
 .
- 18 -
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From Lemma 2.6, we have that ‖Φ(0,1)(T )‖Mat < ∞ and ‖Φ(1,2)(T )‖Mat < ∞.
From Lemma 2.1 which follows from Griffiths transversality, we get that
Φ˙(0,2)(t) = Φ˙(0,1)(t) · Φ(1,2)(t)
for t ∈ [0, T ). Therefore
‖Φ(0,2)(T )‖Mat ≤
∫ T
0
‖Φ˙(0,2)(t)‖Matdt
≤
∫ T
0
‖Φ˙(0,1)(t) · Φ(1,2)(t)‖Matdt
≤ C
∫ T
0
‖Φ˙(0,1)(t)‖Matdt <∞.
Now we can prove our first main result.
Theorem 2.9. The image Φ˜(S˜) of the period map Φ˜ : S˜ → D lies in N+ ∩D.
Proof. Let q ∈ S˜ be any point. Since S˜∨ ⊆ S˜ is open dense in S˜ with S˜ \ S˜∨ as
an analytic subset of S˜, we can find a curve γ : [0, T ] → S˜ such that γ(0) = p,
γ(T ) = q and γ([0, T )) ⊂ S˜∨. By Proposition 2.5, we conclude that
q = γ(T ) ∈ S˜∨,
which implies that S˜ = S˜∨ and Φ˜(S˜) ⊂ N+ ∩D. 
3. MODULI SPACES AND TEICHMU¨LLER SPACES
In this section, we introduce the definitions of moduli space with level m
structure and Teichmu¨ller space of polarized manifolds. Most results in this
section are standard and well-known. For example, one can refer to [22] for the
knowledge of moduli space, and [14], [24] for the knowledge of deformation
theory.
Let (X,L) be a polarized manifold. The moduli space M of polarized man-
ifolds is the complex analytic space parameterizing the isomorphism classes of
polarized manifolds with the isomorphism defined by
(X,L) ∼ (X ′, L′)⇐⇒ ∃ biholomorphic map f : X → X ′ s.t. f ∗L′ = L.
We fix a lattice Λ with a pairing Q0, where Λ is isomorphic to H
n(X0,Z)/Tor
for some (X0, L0) ∈ M and Q0 is defined by the cup-product. For a polarized
manifold (X,L), we define a marking γ as an isometry of the lattices
γ : (Λ, Q0)→ (Hn(X,Z)/Tor, Q).
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For any integerm ≥ 3, we define anm-equivalent relation of two markings on
(X,L) by
γ ∼m γ′ if and only if γ′ ◦ γ−1 − Id ∈ m · End(Hn(X,Z)/Tor),
and denote by [γ]m the set of all the m-equivalent classes of γ. Then we call [γ]m
a level m structure on the polarized manifold (X,L). Two polarized manifolds
with level m structure (X,L, [γ]m) and (X
′, L′, [γ′]m) are said to be isomorphic if
there exists a biholomorphic map
f : X → X ′
such that f ∗L′ = L and
f ∗γ′ ∼m γ,
where f ∗γ′ is given by γ′ : (Λ, Q0) → (Hn(X ′,Z)/Tor, Q) composed with the
induced map
f ∗ : (Hn(X ′,Z)/Tor, Q)→ (Hn(X,Z)/Tor, Q).
Let Zm be one of the irreducible components of the moduli space of polarized
manifolds with level m structure, which parameterizes the isomorphism classes
of polarized manifolds with level m structure.
From now on, we will assume that the irreducible component Zm defined as
above is a smooth complex manifold with an analytic family fm : Um → Zm of
polarized manifolds with levelm structure for allm ≥ m0, wherem0 ≥ 3 is some
fixed integer. For simplicity, we can also assume that m0 = 3.
Let Tm be the universal cover of Zm with covering map πm : Tm → Zm. Then
we have an analytic family gm : Vm → Tm such that the following diagram is
cartesian
Vm −−−→ Umygm yfm
Tm −−−→ Zm
i.e. Vm = Um ×Zm Tm. Such a family is called the pull-back family. We call Tm
the Teichmu¨ller space of polarized manifolds with level m structure.
The proof of the following lemma is obvious.
Lemma 3.1. Assume that Zm is smooth for m ≥ 3, then the Teichmu¨ller space Tm
is smooth and the pull-back family gm : Vm → Tm is an analytic family.
We will give two proofs of the following lemma, which allows us to simply
denote Tm by T , the analytic family by g : V → T and the covering map by
πm : T → Zm.
Lemma 3.2. The Teichmu¨ller space Tm does not depend on the choice of m.
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Proof. The first proof uses the construction of moduli space with level m struc-
ture, see Lecture 10 of [22], or pages 692 – 693 of [26]. Let m1 and m2 be two
different integers, and
Um1 → Zm1 , Um2 → Zm2
be two analytic families with level m1 structure and level m2 structure respec-
tively. Let Tm1 and Tm2 be the universal covering space of Zm1 and Zm2 respec-
tively. Let m = m1m2 and consider the analytic family Um → Zm. From the
discussion in page 130 of [22] or pages 692 – 693 of [26], we know that Zm is
a covering space of both Zm1 and Zm2 . Let T be the universal covering space of
Zm. Since Zm is a covering space of both Zm1 and Zm2 , we conclude that T is
the universal cover of both Zm1 and Zm2 , i.e.
Tm1 ≃ Tm2 ≃ T .
If the analytic family fm : Um → Zm is universal as defined in page 9 of [24],
then we have a second proof. Let m1, m2 be two different integers ≥ 3, and let
Tm1 and Tm2 be the corresponding Teichmu¨ller space with the universal families
gm1 : Vm1 → Tm1 , gm2 : Vm2 → Tm2
respectively. Then for any point p ∈ Tm1 and the fiber Xp = g−1m1(p) over p, there
exists q ∈ Tm2 such that Yq = g−1m2(q) is biholomorphic to Xp. By the definition
of universal family, we can find a local neighborhood Up of p and a holomorphic
map
hp : Up → Tm2 , p 7→ q
such that the map hp is uniquely determined. Since Tm1 is simply-connected, all
the local holomorphic maps
{hp : Up → Tm2 , p ∈ Tm1}
patches together to give a global holomorphic map h : Tm1 → Tm2 which is well-
defined. Moreover h is unique since it is unique on each local neighborhood of
Tm1 . Similarly we have a holomorphic map h′ : Tm2 → Tm1 which is also unique.
Then h and h′ are inverse to each other by the uniqueness of h and h′. Therefore
Tm1 and Tm2 are biholomorphic. 
From now on we will denote T = Tm for anym ≥ 3 and call T the Teichmu¨ller
space of polarized manifolds.
As before, we can define the period map ΦZm : Zm → Γ\D and the lifted
period map Φ˜ : T → D such that the diagram
T Φ˜ //
πm

D
π

Zm
ΦZm
// Γ\D
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is commutative.
From now on, we will also assume that the local Torelli theorem holds, i.e.
the tangent map of the lifted period map Φ˜ is injective at every point of the
Teichmu¨ller space T .
Now we prove a lemma concerning the monodromy group Γ on Zm with level
m ≥ 3, which will be used in the following discussion.
Lemma 3.3. Let γ be the image of some element of π1(Zm) in Γ under the mon-
odromy representation. Suppose that γ is of finite order, then γ is trivial. Therefore
we can assume that Γ is torsion-free and Γ\D is smooth.
Proof. Look at the period map locally as ΦZm : ∆
∗ → Γ\D. Assume that γ is the
monodromy action corresponding to the generator of the fundamental group of
∆∗. We lift the period map to Φ˜ : H → D, where H is the upper half plane and
the covering map from H to ∆∗ is
z 7→ exp(2π√−1z).
Then Φ˜(z + 1) = γΦ˜(z) for any z ∈ H. But Φ˜(z + 1) and Φ˜(z) correspond to
the same point when descending onto Zm, therefore by the definition of Zm we
have
γ ≡ I mod (m).
But γ is also in Aut(HZ), applying Serre’s lemma [23] or Lemma 2.4 in [26], we
have γ = I. 
4. AFFINE STRUCTURES ON TEICHMU¨LLER SPACES
In this section, we first apply Theorem 2.9 to the Teichmu¨ller spaces defined in
the previous section. Then we construct a holomorphic map Ψ : T → A where
A is a Euclidean subspace of N+, and introduce the notion of strong local Torelli.
We then prove that this holomorphic map is an immersion if strong local Torelli
holds. This immersion induces a global complex affine structure on T .
Let us consider
a = dΦ˜p(T
1,0
p T ) ⊆ T1,0o D ≃ n+
where p is the base point in T with Φ˜(p) = o. By Griffiths transversality, a ⊆
g−1,1 is an abelian subspace, therefore a ⊆ n+ is an abelian subalgebra of n+
determined by the tangent map of the period map
dΦ˜ : T1,0T → T1,0D.
Consider the corresponding Lie group
A , exp(a) ⊆ N+.
Then A can be considered as a complex Euclidean subspace of N+ with the
induced Euclidean metric from N+.
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Define the projection map P : N+ → A by
P = exp ◦ p ◦ exp−1
where exp−1 : N+ → n+ is the inverse of the exponential map exp : n+ → N+,
and
p : n+ → a
is the orthogonal projection map from the complex Euclidean space n+ to its
Euclidean subspace a with respect to the Hodge metric at the base point.
The period map Φ˜ : T → N+ ∩ D composed with the projection P gives a
holomorphic map, Ψ = P ◦ Φ˜,
(20) Ψ : T → A.
Let us recall the definition of complex affine structure on a complex manifold.
Definition 4.1. Let M be a complex manifold of complex dimension n. If there is
a coordinate cover {(Ui, ϕi); i ∈ I} of M such that ϕik = ϕi ◦ϕ−1k is a holomorphic
affine transformation on Cn whenever Ui ∩ Uk is not empty, then {(Ui, ϕi); i ∈ I}
is called a complex affine coordinate cover onM and it defines a holomorphic affine
structure on M .
We will prove that the holomorphic map
Ψ : T → A
defines a global affine structure on the Teichmu¨ller space T , under the condition
introduced in the following definition.
Definition 4.2. The period map Φ˜ : T → D is said to satisfy strong local Torelli, if
the local Torelli holds, i.e. the tangent map of the period map Φ˜ is injective at each
point of T , and furthermore, there exists a holomorphic subbundle H of the Hodge
bundle
n⊕
k=1
Hom(Fk/Fk+1,Fk−1/Fk),
such that the tangent map of the period map induces an isomorphism on T of the
tangent bundle T1,0T of T to the Hodge subbundle H,
(21) dΦ˜ : T1,0T ∼−→ H.
Recall that Fk, 0 ≤ k ≤ n are Hodge bundles with fibers given by the corre-
sponding linear subspaces in the Hodge filtration F kq for any q ∈ T . Note that for
variation of Hodge structure from geometry, the Hodge bundles naturally exist
on T which are the same as pull-backs of the corresponding Hodge bundles on
D. Therefore in the above definition, for convenience we have identified the
Hodge bundles on T to the corresponding Hodge bundles on D.
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The most famous example for which strong local Torelli holds are Calabi–Yau
manifolds with the Hodge subbundle H given by Hom(Fn,Fn−1/Fn). For more
examples for which strong local Torelli holds, please see Section 2 of [18].
Theorem 4.3. Assume that the irreducible component Zm of the moduli space with
levelm structure is smooth with an analytic family form ≥ m0 and the strong local
Torelli holds for T . Then there exists a complex affine structure on the Teimu¨ller
space T .
Proof. Let H be the Hodge subbundle in Definition 4.2 with the isomorphism
dΦ˜ : T1,0T ∼−→ H.(22)
Let HA be the restriction of H to A. Since HA is a Hodge subbundle, we have
the natural commutative diagram
HA|o d exp(X)≃ //
≃

HA|s

T1,0o A
d exp(X)
≃
// T1,0s A
at any point s = exp(X) in A with X ∈ a. Here d exp(X) is the tangent map
of the left translation by exp(X). Here note that the action d exp(X) on HA is
induced from the action on the homogeneous tangent bundle T1,0Dˇ, since H is
a homogeneous subbundle of T1,0Dˇ. The subbundle
GC ×B ((a⊕ b)/b) ⊆ GC ×B ((g−1,1 ⊕ b)/b) = T1,0Dˇ
is also a homogeneous subbundle of T1,0Dˇ, such that the restriction
GC ×B ((a⊕ b)/b)|A = T1,0A.
See [5] for the basic properties of homogeneous vector bundles.
Hence we have the isomorphism of tangent spaces T1,0s A ≃ HA|s for any s ∈ A,
which implies that
T1,0A ≃ HA
as homogeneous holomorphic bundles on A.
Recall that, for any x = exp(X) · o ∈ N+, X ∈ n+, our definition of the
projection P is given by
P (x) = exp(p(X)) · o ∈ A
where p : n+ → a is the natural projection map. A direct computation implies
that
dPx = d exp(X) ◦ dp ◦ d exp(−X).
From this and the translation invariance of Hodge bundles, it follows that the
tangent map of the projection map
P : N+ → A
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maps the tangent bundle of D,
T1,0Dˇ ⊆
n⊕
k=1
k⊕
l=1
Hom(Fk/Fk+1,Fk−l/Fk−l+1)
onto its subbundle T1,0A ≃ HA.
Therefore by using the translation invariance of the Hodge subbundle, we
deduce that the tangent map
dΨ = dP ◦ dΦ˜ : T1,0T → T1,0A
at any point q ∈ T composed with the projection map onto the Hodge subbundle
HA is explicitly given by
(23) T1,0q T → ⊕nk=1Hom(Fkq/Fk+1q ,Fk−1q /Fkq )→ T1,0Ψ(q)A ≃ HA|Ψ(q)
which is an isomorphism by (22). This implies that dΨq is also an isomorphism
for any q ∈ T . So we have proved that the holomorphic map Ψ : T → A is
nondegenerate which induces an affine structure on T from A. 
It is well-known that the Teichmu¨ller spaces of Riemann surfaces and hy-
perka¨hler manifolds have complex affine structures. There are many more exam-
ples of projective manifolds that satisfy the conditions in our theorem. In Section
2 of [18], we have verified that the moduli and Teichmu¨ller spaces from the fol-
lowing examples satisfy the conditions of Theorem 4.3: K3 surfaces; Calabi-Yau
manifolds; hyperka¨hler manifolds; smooth hypersurface of degree d in Pn+1 sat-
isfying d|(n + 2) and d ≥ 3; arrangement of m hyperplanes in Pn with m ≥ n;
smooth cubic surface and cubic threefold. Hence their Teichmu¨ller spaces all
have complex affine structures.
Finally we prove that the image of the affine holomorphic map
Ψ : T → A
lies in A ∩D. We also prove that A ∩D is a complete space with respect to the
metric induced from the Hodge metric on D. These results will be important for
our next paper [18], in which we prove the global Torelli type theorems.
Recall that under strong local Torelli, the tangent map of the period map
Φ : T → N+ ∩D
is injective. Hence the Hodge metric on D induces a metric on T , which is still
called the Hodge metric on T . The inclusion of i : A∩D → D as a submanifold
of D induces a metric from the Hodge metric on D, which we will call as the
Hodge metric on A∩D. We denote the norm of the corresponding metrics on T
and A ∩D by || · ||Hod.
Proposition 4.4. The space A ∩ D is a complete space with respect to the Hodge
metric.
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Proof. Recall that the holomorphic tangent bundle T1,0A,
A× a ≃ AB ×B (a⊕ b)/b ⊆ GC ×B (g−1,1 ⊕ b)/b = T1,0h Dˇ,
which is a horizontal subbundle with restriction
T1,0(A ∩D) = (AB ×B (a⊕ b)/b) |A∩D ⊆ T1,0h D.
From this we deduce that the inclusion map
i : A ∩D → D
is a horizontal map, so it can be considered as a period map.
Let {xn} be a Cauchy sequence in A ∩ D with the Hodge metric. Then {xn}
has a limit x∞ in D. By the proof of Proposition 2.5 and Remark 2.7, we get
that the finiteness of the Hodge distance dHod(x1, x∞) implies the the finiteness
of the Euclidean distance dEuc(x1, x∞) in A. Hence the limit x∞ also lies in A.
Therefore A ∩D is complete with respect to the Hodge metric. 
Lemma 4.5. Let q ∈ T such that s = Ψ(q) ∈ A ∩D, then the tangent map
(dΨ)q : T
1,0
q T → T1,0s (A ∩D)
has norm ||(dΨ)q||Hod = 1 with respect to the Hodge metric on T1,0q T and the Hodge
metric on T1,0s (A ∩D).
Proof. As given in the proof of Theorem 4.3, we have the isomorphisms of bun-
dles in (23) derived by identifying T1,0A with the Hodge subbundle HA in the
strong local Torelli condition. From this we see that the tangent map
dΨq = dPΦ˜(q) ◦ dΦ˜q : T1,0q T → T1,0s (A ∩D)
is an isomorphism from the subspace
T1,0q T ≃ dΦ˜q(T1,0q T ) ⊆ ⊕nk=1Hom(Fkq/Fk+1q ,Fk−1q /Fkq )
to the subspace
T1,0s A = T
1,0
s (A ∩D) ⊆ ⊕nk=1Hom(Fks/Fk+1s ,Fk−1s /Fks )
of the horizontal tangent bundle
(24) ThD = ⊕nk=1Hom(Fk/Fk+1,Fk−1/Fk)|D
at q and s respectively. Both of the Hodge metrics on T1,0q T and T1,0s (A ∩ D)
are induced from the Hodge metric on the Hodge bundle (24), which is induced
by the bilinear form Q. From this we deduce that the tangent map dΨq is an
isometry, which implies that ||(dΨ)q||Hod = 1. 
Proposition 4.6. The image of Ψ lies in A ∩D.
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Proof. Let p ∈ T be the base point and o = Ψ(p) = P (o). Let q ∈ T be any point
and s = Ψ(q) ∈ A. Let γ : [0, 1] → T be the geodesic curve with respect to the
Hodge metric on T such that γ(0) = p, γ(1) = q and
dHod(p, q) =
∫ 1
0
||γ˙(t)||Hoddt <∞.
We need to show that Ψ(γ(t)) ∈ D for t ∈ [0, 1].
Since D is open and the base point o = Ψ(p) ∈ D, there exists ǫ ∈ (0, 1], such
that Ψ(γ(t)) ∈ D for t ∈ [0, ǫ). Let ǫ0 ∈ (0, 1] such that
ǫ0 = max {ǫ : Ψ(γ(t)) ∈ D for t ∈ [0, ǫ)}.
Suppose that ǫ0 ≤ 1. Then Ψ(γ(t)) ∈ D, for t ∈ [0, ǫ0), and Ψ(γ(ǫ0)) /∈ D by the
maximality of ǫ0.
Then, by Lemma 4.5, we have that
dHod(o,Ψ(γ(ǫ0))) ≤ length(Ψ ◦ (γ|[0,ǫ0)))
=
∫ ǫ0
0
||dΨ(γ˙(t))||Hoddt
=
∫ ǫ0
0
||γ˙(t)||Hoddt ≤
∫ 1
0
||γ˙(t)||Hoddt <∞.
This implies that Ψ(γ(ǫ0)) ∈ D, which is a contradiction. Hence ǫ0 > 1 and
s = Ψ(γ(1)) = Ψ(q) ∈ D. 
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